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1. Introduction
Hemivariational inequalities are a generalization of variational inequalities. They are not equivalent to minimum problems
and they are not connected with monotonicity properties, the main ingredient in their study is based on the notion of
Clarke subdifferential of a locally Lipschitz function. For a comprehensive treatment of hemivariational inequality problems
on bounded domains using critical point theory for nonsmooth functionals we refer to the monographs of L. Gasinski and
N.S. Papageorgiou [7], D. Motreanu and V. Ra˘dulescu [17], D. Motreanu and P.D. Panagiotopoulos [18].
Other approaches to prove the existence of solutions for different classes of variational–hemivariational problems on
bounded domains are given in Z. Liu and D. Motreanu in [15] (by using pseudomonotone operators), while existence results
of Hartman–Stampacchia type using Knaster–Kuratowski–Mazurkiewicz type theorems were given by P.D. Panagiotopoulos,
M. Fundo and V. Ra˘dulescu [19], V. Ra˘dulescu and D. Repovš [20].
The study of hemivariational inequalities by using critical point theory for nonsmooth functionals on unbounded domains
started with the work of Gazzola and Ra˘dulescu [8], followed by papers dealing with multiplicity results such as the papers
of Kristály [11,12], Dályai and Varga [5], Varga [21], Faraci, Iannizzotto, Lisei and Varga [6]. A survey paper about hemi-
variational and variational–hemivariational inequalities deﬁned on unbounded domains is [13] written by A. Kristály and
Cs. Varga.
In this paper we prove the existence of at least one solution for a variational–hemivariational inequality on a closed
and convex set (either bounded or unbounded) without using critical point theory. We apply a version of the well-known
theorem of Knaster–Kuratowski–Mazurkiewicz.
We start the paper by giving in Section 2 the assumptions and formulating the variational–hemivariational inequality
problem which we study. Section 3 contains auxiliary results concerning upper semicontinuity and weakly sequentially
continuity and the main results about the existence of at least one solution for the variational–hemivariational inequality
which we study. Section 4 contains some examples which include Schrödinger type problems on Hilbert spaces and a
problem with radially symmetric functions.
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Let (X,‖ · ‖) be a Banach space and X∗ its topological dual, 〈·,·〉 denotes the duality pairing between X∗ and X . Let
Ω ⊆Rn be an unbounded domain, let p be such that 1< p < n and we denote p = npn−p .
(X) Assume that for s ∈ [p, p∗) the embedding X ↪→ Ls(Ω) is compact, this means that there exists a linear and compact
operator T : X → Ls(Ω), i.e. for each bounded sequence {xn} in X there exists a subsequence {T xn} which is convergent in
Ls(Ω). For simplicity we will write xn instead of T xn .
(A1) Let A : X → X∗ be an operator with the following property: for any sequence {un}n in X which converges weakly to
u ∈ X it holds
〈Au,u − w〉 lim inf
n→∞ 〈Aun,un − w〉 for all w ∈ X .
(A2) There exists λ := infu∈X\{0} 〈Au,u〉‖u‖p > 0.
Remark 2.1.
(1) Let A : X → X∗ be a linear and continuous operator, which is positive, i.e. 〈Au,u〉 0 for all u ∈ X . These assumptions
imply that A is weakly sequentially continuous and that (A1) is satisﬁed.
(2) We assume that a : X × X → R is a bilinear form, which is compact, i.e. for any sequences {un}n and {vn}n from X such
that un ⇀ u and vn ⇀ v (u, v ∈ X ) it follows that a(un, vn) → a(u, v). The operator A : X → X∗ deﬁned by
〈Au, v〉 = a(u, v) for all u, v ∈ X
satisﬁes assumption (A1).
We continue with the assumptions for our problem:
(f1) Let f : Ω ×R → R be a Carathéodory function, such that for some α > 0 it holds∣∣ f (x, y)∣∣ α|y|p−1 + β(x),
for a.e. x ∈ Ω and all y ∈ R, where β ∈ L pp−1 (Ω);
(f2) we assume that the constants from (f1) and (A1) satisfy αC pp < λ.
(j1) Assume that j : Ω × R → R is a Carathéodory function, which is locally Lipschitz with respect to the second variable,
and there exist c > 0, r ∈ [p, p∗) such that
|ξ | c(|y|p−1 + |y|r−1)
for a.e. x ∈ Ω , all y ∈ R and for all ξ ∈ ∂ j(x, y), where ∂ j(x, y) is the generalized gradient of j(x, ·) at y ∈ X ;
(j2) there exists k ∈ L pp−1 (Ω) such that∣∣ j0(x, y;−y)∣∣ k(x)|y| for all x ∈ Ω, y ∈ R,
where j0(x,u; z) denotes the generalized directional derivative of j(x, ·) at the point u ∈ X in the direction z ∈ X .
Let K ⊆ X . In this paper we investigate the existence of at least one solution for the following variational–hemivariational
problem:
(P) Find u ∈ K such that, for every v ∈ K , it holds
〈Au, v − u〉 +
∫
Ω
f
(
x,u(x)
)(
v(x) − u(x))dx+
∫
Ω
j0
(
x,u(x); v(x) − u(x))dx 0.
We use ﬁxed point theorems on convex sets, in the framework of Knaster–Kuratowski–Mazurkiewicz (KKM) mappings:
Deﬁnition 2.1. (See [3, Deﬁnition (1.1)].) Suppose that X is a vector space and E ⊂ X . A set-valued mapping G : E → 2X is
called KKM mapping, if for any x1, . . . , xn ∈ E it holds
conv{x1, . . . , xn} ⊂
n⋃
i=1
G(xi).
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valued KKM map. If there exists x0 ∈ E such that G(x0) is compact, then⋂x∈E G(x) = ∅.
Note, that another approach we can use instead of the above theorem is by applying an elementary principle of KKM-
mappings given by A. Granas and M. Lassonde in [9, Theorem 5.2] in the framework of super-reﬂexive Banach spaces.
3. Main results
Lemma 3.1. Suppose that X is a Banach space.
(1) Assume that (j1) is satisﬁed and X1 and X2 are nonempty subsets of X .
(1a) If the embedding X ↪→ Ls(Ω) is continuous for each s ∈ [p, p∗], then the mapping
(u, v) ∈ X1 × X2 →
∫
Ω
j0
(
x,u(x); v(x))dx ∈ R
is upper semicontinuous.
(1b) Moreover, if X ↪→ Ls(Ω) is compact for every s ∈ [p, p∗), then the above mapping is weakly upper semicontinuous.
(2) Assume that (f1) holds and that X ↪→ Lp(Ω) is compact. Then, for each v ∈ X the mapping
u ∈ X →
∫
Ω
f
(
x,u(x)
)(
v(x) − u(x))dx ∈ R
is weakly sequentially continuous.
Proof. (1a) Let {(un, vn)}n ⊂ X1 × X2 be a sequence converging to (u, v) ∈ X1 × X2. Since X ↪→ Lp(Ω), X ↪→ Lr(Ω) are
continuous, it follows that
un → u, vn → v in Lp(Ω) and in Lr(Ω) as n → ∞.
There exists a subsequence {(unk , vnk )}k of {(un, vn)}n such that
limsup
n→∞
∫
Ω
j0
(
x,un(x); vn(x)
)
dx = lim
k→∞
∫
Ω
j0
(
x,unk (x); vnk (x)
)
dx. (3.1)
By Théorème IV.9 in [2] it follows that there exist u¯, v¯ ∈ Lp(Ω) and uˆ, vˆ ∈ Lr(Ω) and two subsequences {uni }i and {vni }i of{unk }k and {vnk }k such that for a.e. x ∈ Ω it holds
uni (x) → u(x), and vni (x) → v(x) as i → ∞ (3.2)
and ∣∣uni (x)∣∣ u¯(x), ∣∣uni (x)∣∣ uˆ(x) and ∣∣vni (x)∣∣ v¯(x), ∣∣vni (x)∣∣ vˆ(x) for all i ∈ N.
By assumption (j1) and the properties of j0 (see [4, Proposition 2.1.2]) it follows that for all i ∈ N and for a.e. x ∈ Ω it holds
∣∣ j0(x,uni (x); vni (x))∣∣ |ξi|∣∣vni (x)∣∣ c∣∣u¯(x)∣∣p−1∣∣v¯(x)∣∣+ c∣∣uˆ(x)∣∣r−1∣∣vˆ(x)∣∣,
where ξi ∈ ∂ j(x,uni (x); vni (x)). By using u¯, v¯ ∈ Lp(Ω), uˆ, vˆ ∈ Lr(Ω) and Hölder’s inequality we have |u¯|p−1|v¯| + |uˆ|r−1|vˆ| ∈
L1(Ω). The Fatou–Lebesgue Theorem implies
lim
i→∞
∫
Ω
j0
(
x,uni (x); vni (x)
)
dx
∫
Ω
limsup
i→∞
j0
(
x,uni (x); vni (x)
)
dx. (3.3)
The mapping j0(x, · ; ·) is upper-semicontinuous (see [4, Proposition 2.1.1]) and by (3.2) we obtain
limsup
i→∞
j0
(
x,uni (x); vni (x)
)
 j0
(
x,u(x); v(x)). (3.4)
We use (3.1), (3.3) and (3.4) to get
limsup
n→∞
∫
j0
(
x,un(x); vn(x)
)
dx
∫
j0
(
x,u(x); v(x))dx.Ω Ω
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s ∈ [p, p∗), it follows that
un → u, vn → v in Lp(Ω) and in Lr(Ω) as n → ∞.
From now on the proof is similar to the case (1a).
(2) Let {un}n ⊂ X be a sequence converging weakly to u ∈ X . Since X ↪→ Lp(Ω) is compact, it follows that
un → u in Lp(Ω) as n → ∞.
By Théorème IV.9 in [2] it follows that there exist u¯ ∈ Lp(Ω) and a subsequence {uni }i of {un}n such that for a.e. x ∈ Ω it
holds
uni (x) → u(x) as i → ∞ (3.5)
and ∣∣uni (x)∣∣ ∣∣u¯(x)∣∣, for all i ∈ N.
By assumption (f1) it follows that for all i ∈ N and for a.e. x ∈ Ω it holds∣∣ f (x,uni (x))(uni (x) − v(x))∣∣ (α∣∣u¯(x)∣∣p−1 + β(x))(∣∣u¯(x)∣∣+ ∣∣v(x)∣∣).
By using u¯ ∈ Lp(Ω), β ∈ L pp−1 (Ω) and Hölder’s inequality we have (α|u¯|p−1+β)(|u¯|+|v|) ∈ L1(Ω). Since f is a Carathéodory
function, it follows by the Dominated Convergence Theorem and by (3.5) that
lim
i→∞
∫
Ω
f
(
x,uni (x)
)(
uni (x) − v(x)
)
dx =
∫
Ω
lim
i→∞
f
(
x,uni (x)
)(
uni (x) − v(x)
)
dx
=
∫
Ω
f
(
x,u(x)
)(
u(x) − v(x))dx.
Hence, every subsequence admits a subsequence which converges to the same limit, and we get
lim
n→∞
∫
Ω
f
(
x,un(x)
)(
un(x) − v(x)
)
dx =
∫
Ω
f
(
x,u(x)
)(
u(x) − v(x))dx. 
Remark 3.1. A similar result was studied in [19] in the case of a bounded domain. The assumptions for our problem are
slightly different, but the ideas of the proof from [19] had been adapted.
Theorem 3.1. Suppose that X is a reﬂexive Banach space and that K ⊆ X is a nonempty, closed, convex and bounded set and that the
hypotheses (X), (A1), (f1), (j1) are fulﬁlled. Then, problem (P) has at least one solution.
Proof. Let G : K → P(X) be the multivalued mapping deﬁned by
G(w) :=
{
u ∈ K : 〈Au,w − u〉 +
∫
Ω
f
(
x,u(x)
)(
w(x) − u(x))dx+
∫
Ω
j0
(
x,u(x);w(x) − u(x))dx 0
}
.
Note that for each w ∈ K it holds G(w) = ∅, since w ∈ G(w).
For this mapping we verify the assumptions of Theorem 2.1 (for the weak topology):
(1) For w ∈ K the set G(w) is weakly closed: Let {un}n ⊂ G(w) be such that un ⇀ u in the space X . By Lemma 3.1 and
(A1) it follows that
0 limsup
n→∞
(
〈Aun,w − un〉 +
∫
Ω
f
(
x,un(x)
)(
w(x) − un(x)
)
dx+
∫
Ω
j0
(
x,un(x);w(x) − un(x)
)
dx
)
 〈Au,w − u〉 +
∫
Ω
f
(
x,u(x)
)(
w(x) − u(x))dx+
∫
Ω
j0
(
x,u(x);w(x) − u(x))dx.
Hence u ∈ G(w).
(2) G is a KKM mapping: We argue by contradiction, let w1, . . . ,wn ∈ K and z ∈ conv{w1, . . . ,wn} be such that z /∈⋃n
i=1 G(wi). This implies that for all i ∈ {1, . . . ,n} we have
〈Az,w − z〉 +
∫
f
(
x, z(x)
)(
w(x) − z(x))dx+
∫
j0
(
x, z(x);w(x) − z(x))dx< 0.Ω Ω
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C :=
{
w ∈ K : 〈Az,w − z〉 +
∫
Ω
f
(
x, z(x)
)(
w(x) − z(x))dx+
∫
Ω
j0
(
x, z(x);w(x) − z(x))dx< 0
}
.
Observe that w1, . . . ,wn ∈ C and that C is a convex set, since j0(x, z(x); ·) is positively homogeneous and subadditive (see
[4, Proposition 2.1.1]). This implies z ∈ C , which is a contradiction.
(3) For each w ∈ K the set G(w) is weakly compact: G(w) is a bounded set (since K is bounded) and it is weakly closed
(by step (1)). The Eberlein–S˘mulian Theorem implies that G(w) is weakly compact.
By Theorem 2.1 (for the weak topology) it follows that
⋂
w∈K G(w) = ∅. Therefore, problem (P) has at least one solu-
tion. 
Theorem 3.2. Suppose that X is a reﬂexive Banach space and K ⊆ X is a nonempty, closed, and convex set and that the hypotheses
(X), (A1), (A2), (f1), (f2), (j1), (j2) are fulﬁlled. Then, problem (P) has at least one solution.
Proof. Without loss of generality we assume that 0 ∈ K . For any positive integer n, set
Kn :=
{
w ∈ K : ‖w‖ n}.
Thus, 0 ∈ Kn for all n ∈ N.
Let n ∈ N. Applying Theorem 3.1 there exists un ∈ Kn such that for all v ∈ Kn it holds
〈Aun, v − un〉 +
∫
Ω
f
(
x,un(x)
)(
v(x) − un(x)
)
dx+
∫
Ω
j0
(
x,un(x); v(x) − un(x)
)
dx 0. (3.6)
We prove that {un}n is a bounded sequence in X : In (3.6) we take v = 0 and get
〈Aun,un〉 +
∫
Ω
f
(
x,un(x)
)
un(x)dx
∫
Ω
j0
(
x,un(x);−un(x)
)
dx. (3.7)
By the assumption (j2), (f1) and by the continuity of the embedding X ↪→ Lp(Ω), it follows that∫
Ω
j0
(
x,un(x);−un(x)
)
dx
∫
Ω
k(x)
∣∣un(x)∣∣dx ‖k‖
L
p
p−1 (Ω)
· Cp‖un‖, (3.8)
and ∣∣∣∣
∫
Ω
f
(
x,un(x)
)
un(x)dx
∣∣∣∣ αC pp‖un‖p + ‖β‖L pp−1 (Ω) · Cp‖un‖,
where Cp denotes the embedding constant. Using (f2) we obtain
(
λ − αC pp
)‖un‖p − Cp‖β‖
L
p
p−1 (Ω)
‖un‖ 〈Aun,un〉 +
∫
Ω
f
(
x,un(x)
)
un(x)dx.
Since p > 1, it follows by (f2), (3.7) and (3.8) that {un}n is a bounded sequence in X .
This property and the closedness of K , implies that there exist u ∈ K and a subsequence, which we denote also by {un}n ,
such that un ⇀ u in X .
By (A1), Lemma 3.1 it follows that
limsup
n→∞
∫
Ω
j0
(
x,un(x); vn(x)
)
dx
∫
Ω
j0
(
x,u(x); v(x))dx, (3.9)
lim
n→∞
∫
Ω
f
(
x,un(x)
)(
un(x) − v(x)
)
dx =
∫
Ω
f
(
x,u(x)
)(
u(x) − v(x))dx, (3.10)
limsup
n→∞
〈Aun, v − un〉 〈Au, v − u〉. (3.11)
In what follows we will prove that u ∈ K is a solution of problem (P): Let v ∈ K . There exists n0 ∈ N such that v ∈ Kn for
all n n0. We pass to limsupn→∞ in (3.6), use (3.9), (3.10) and (3.11) and obtain that u ∈ K is a solution of problem (P). 
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〈A0, v〉 +
∫
Ω
f (x,0)v(x)dx+
∫
Ω
j0
(
x,0; v(x))dx 0 for every v ∈ K , (3.12)
then obviously zero is a solution of (3.12). If Theorem 3.1 and Theorem 3.2 are applied to (3.12), the existence of a nontrivial
solution may not be assured without speciﬁc additional assumptions.
4. Examples
Example 4.1. This is an example of a Schrödinger type problem. Let n > 2 and V : Rn → R be a continuous function such
that
inf
x∈Rn V (x) > 0 and for every M > 0 meas
({
x ∈ Rn: V (x) M})< ∞.
The space
X :=
{
u ∈ W 1,2(Rn):
∫
Rn
∣∣∇u(x)∣∣2 + V (x)u2(x)dx < ∞
}
equipped with the inner product
(u, v)X =
∫
Rn
∇u(x)∇v(x) + V (x)u(x)v(x)dx
is a Hilbert space. It is known that X ↪→ Ls(Rn) is continuous for s ∈ [2, 2nn−2 ], since W 1,2(Rn) ↪→ Ls(Rn) is continuous for
s ∈ [2, 2nn−2 ]. T. Bartsch and Z.-Q. Wang proved in [1] that X ↪→ Ls(Rn) is compact for s ∈ [2, 2nn−2 ). Hence, assumption (X) is
satisﬁed for p = 2. We consider A : X → X to be deﬁned by
〈Au, v〉 := (u, v)X .
By the properties of the norm and of the weak convergence, it follows that (A1) and (A2) are satisﬁed.
Theorem 3.1 can be applied assuming that f and j satisfy (f1) and (j1), respectively, and that K ⊂ X is a nonempty,
closed, convex and bounded set. If f and j satisfy (f1), (f2) and (j1), (j2), respectively, and if K ⊆ X is a nonempty, closed,
and convex set, then by Theorem 3.2, it follows that problem (P) has at least one solution.
Example 4.2. Another Schrödinger type problem can be analogously formulated, if we consider for n > 2 the Hilbert space
X :=
{
u ∈ L2(Rn):
∫
Rn
∣∣∇u(x)∣∣2 + |x|2u2(x)dx< ∞
}
equipped with the inner product
(u, v)X =
∫
Rn
∇u(x)∇v(x) + |x|2u(x)v(x)dx.
Note, that X ↪→ Ls(Rn) is compact for s ∈ [2, 2nn−2 ) (see O. Kavian [10]). Similarly, as in Example 4.1, Theorem 3.1 and
Theorem 3.2 can be applied.
Example 4.3. In our main results, in Theorem 3.1 and Theorem 3.2, it is very important that the conditions (X), (j1) and
(j2) are satisﬁed. In this example we modify the conditions (j1), (j2) and prove that the assertions of Theorem 3.1 and
Theorem 3.2 remain true.
Let a : RL ×RM → R (L  2) be a nonnegative continuous function satisfying the following assumptions:
(a1) a(x, y) a0 > 0 if |(x, y)| R for a large R > 0;
(a2) a(x, y) → +∞, when |y| → +∞ uniformly for x ∈ RL ;
(a3) a(x, y) = a(x′, y) for all x, x′ ∈ RL with |x| = |x′| and all y ∈ RM .
Let p be such that 1< p < L + M and p = (L+M)p . Consider the following subspaces of W 1,p(RL ×RM)L+M−p
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E =
{
u ∈ W 1,p(RL ×RM):
∫
RL+M
a(x)
∣∣u(x)∣∣p dx< ∞
}
,
X := E˜ ∩ E =
{
u ∈ E˜:
∫
RL+M
a(x)
∣∣u(x)∣∣p dx< ∞
}
endowed with the norm
‖u‖p =
∫
RL+M
∣∣∇u(x)∣∣p dx+
∫
RL+M
a(x)
∣∣u(x)∣∣p dx.
D.C. de Morais Filho, M.A.S. Souto and J. Marcos Do O. prove in [16] the following result: X is continuously embedded in
Ls(RL ×RM) if s ∈ [p, p∗], and compactly embedded if s ∈ (p, p∗).
Let
G =
{
g : E → E: g(v) = v ◦
(
R 0
0 IdRM
)
, R ∈ O (RL)
}
,
where O (RL) is the set of all rotations on RL and IdRM denotes the M × M identity matrix. The elements of G leave RL+M
invariant, i.e. g(RL+M) =RL+M for all g ∈ G .
The action of G over E is deﬁned by(
π(g)u
)
(x) = u(g−1x), g ∈ G, u ∈ E, a.e. x ∈ RL+M .
As usual we write gu in place of π(g)u.
A function u deﬁned on RL+M is said to be G-invariant if
u(gx) = u(x), ∀g ∈ G, a.e. x ∈ RL+M .
Then u ∈ E is G-invariant if and only if u ∈ X . We observe that the norm ‖ · ‖ is G-invariant.
We assume that j : RL × RM × R → R is a Carathéodory function, which is locally Lipschitz in the second variable (the
real variable) and satisﬁes the following conditions:
(j1′) j(x,0) = 0, and there exist c > 0 and r ∈ (p, p) such that
|ξ | c(|y|p−1 + |y|r−1), ∀ξ ∈ ∂ j(x, y), (x, y) ∈ RL+M ×R;
(j3) limy→0 max{|ξ |:ξ∈∂ j(x,y)}|y|p−1 = 0 uniformly for every x ∈ RL+M ;
(j4) j(·, y) is G-invariant for all y ∈ R.
To derive the results of Theorem 3.1 we use the following result proved in [14, Proposition 5.1] instead of Lemma 3.1: If
j : RL ×RM ×R → R veriﬁes the conditions (j1′), (j3) and (j4) then
u ∈ X →
∫
RL+M
j
(
x,u(x)
)
dx
is weakly sequentially continuous.
In the same way as in Theorem 3.1 and Theorem 3.2 we can prove the following existence result:
Theorem 4.1.
(i) Let K ⊂ X be a nonempty, closed, convex and bounded set. Let A : E → E∗ be an operator satisfying (A1). Assume that j satisﬁes
(j1′), (j3) and (j4). Then, there exists u ∈ K such that
〈Au, v − u〉 +
∫
RL+M
j0
(
x,u(x); v(x) − u(x))dx 0 for all v ∈ K . (4.1)
(ii) Moreover, if K ⊂ X is a nonempty, closed and convex set and A : X → X∗ is an operator satisfying (A1), (A2) and if we assume
that j satisﬁes (j1′), (j2), (j3) and (j4). Then, there exists u ∈ K such that (4.1) holds.
Remark 4.1. In [14, Theorem 3.1] the authors proved by using a Mountain Pass Theorem combined with the principle of
symmetric criticality for Motreanu–Panagiotopoulos type functionals the existence of nontrivial positive solutions for (4.1),
when K is the cone {v ∈ E: v  0 a.e. in RL ×RM} and A : X → X is the duality mapping.
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